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A sphere moving back and forth in tissue generates the kinds of complex displacement fields that

are used in elastography. The analytical solution of Hans Oestreicher for this phenomenon

[(1951). J. Acoust. Soc. Am. 23, 704–714] gives an understanding of the transverse and longitudi-

nal, fast and slow waves that are generated. The results suggest several ways to determine the

absorption coefficients of tissues, which together with phase velocity permit the computation of

both the real shear modulus and the shear viscosity as functions of frequency.
VC 2015 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4930953]
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I. INTRODUCTION

Long before the advent of elastography, Hans

Oestreicher (Fig. 1) published a rigorous, analytical solution

for the particle displacement field and impedance of a

sphere, oscillating in translation in a viscoelastic medium

(Oestreicher, 1951). His solution was for the steady state; his

medium was linear and its stiffness and viscosity were coin-

cident. Four decades later, the concept of elastography as a

diagnostic tool was introduced. Since the turn of the century,

there has been an explosion in relevant, theoretical and ex-

perimental research and instrument development. The cur-

rent state of the field is summarized in recent reviews

(Doherty et al., 2013; Parker et al., 2011; Sarvazyan et al.,
2013). Even today, however, careful inspection of

Oestreicher’s early work gives us valuable insight into the

displacement fields that are used in all forms of elastogra-

phy. His work gives us perhaps the simplest analytical model

that involves all of the complex, free-field wave interactions

that we have in the real world of elastography. The implied

tissue shear strains that are potentially important in biologi-

cal effects are discussed elsewhere (Carstensen et al., 2015).

II. BASIC ASSUMPTIONS

For elastography, the fundamental, observable, physical

quantity is the time-and-space-dependent particle displace-

ment within the tissue of interest. Oestreicher, like many

before him, assumed that the movements of particles in a

medium obey Newton’s second law of motion and that tis-

sues act like a linear, homogeneous, isotropic viscoelastic

(VE) media with coincident stiffness moduli and viscosities.

This model gives order to what would otherwise be just a

massive collection of displacement data. It predicts that the

displacements pass their momentum to their neighbors in

waves. The equation of wave motion can be split into two,

one of which describes a fast wave dominated by the

large bulk modulus j with wave speeds on the order of

1500 m s�1 and the other, a slow wave related to the much

smaller shear modulus l with speeds in soft tissues between

1 and 10 m s�1. Oestreicher solved these equations for the

special case in which the source is a sphere translating

harmonically.

Oestreicher’s paper provides us with two, qualitatively

different pictures of the interaction of the oscillating sphere

with the surrounding medium: (1) the displacement fields

that its movement generates in the medium and (2) the im-

pedance that the sphere itself experiences. Each, in its own

way, can give us information about the dynamic, mechanical

properties of tissues.

Splitting the general wave equation into fast and slow

parts defines each wave by its null characteristics, either zero

curl or zero divergence—the fast wave is irrotational and the

slow wave is incompressible. In a more positive view, we

can have both transverse and longitudinal components of

fast waves. They just cannot contribute to rotation. We can

have longitudinal and transverse components of slow waves.

They just cannot contribute to compression or bulk strain.

And, both fast and slow waves can contribute shear strain. In

fact, all strains of importance in elastography are shear. In

FIG. 1. Hans Oestreicher (1912–1995).a)Electronic mail: ecarsten@rochester.rr.com
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principle, longitudinal displacements can contribute to bulk

strain. However, at the frequencies used in elastography,

those strains are many orders of magnitude smaller than the

corresponding longitudinal shear strains as discussed else-

where (Carstensen et al., 2015). In effect, tissues are effec-

tively incompressible for elastography applications.

Examples of transverse fast waves include the well-

known, simple, acoustic dipole source. It is comprised of

two purely longitudinal fast waves but has a fast (i.e., irrota-

tional) transverse component as well as a fast longitudinal

component (Morse and Ingard, 1987; Chanaud, 2010).

Catheline and Benech (2015) treat the case of a translating

point source. Like Oestreicher, they give their solution for

the displacement field as the sum of a fast and a slow wave.

The fast wave has both transverse and longitudinal compo-

nents. In Oestreicher’s treatment of the translation of a finite

sphere in a viscoelastic solid, both slow and fast waves have

components of displacement in the transverse (polar) direc-

tions and in the longitudinal (radial) directions. In sinusoidal

steady state conditions, these components are simultaneously

present and they can be of similar magnitudes.

Elastography’s displacement detectors have demonstrated

the fast, longitudinal wave (Gennisson and Cloutier, 2006;

Gennisson et al., 2006). In principle, it should also be possi-

ble to detect the transverse component of the fast wave. We

are not aware of an attempt to demonstrate it, however.

There are many advantages in the use of the wave

approach for the measurement of the shear moduli of tissues

and tissue phantoms. One only needs to determine the phase

velocity and the absorption coefficient of the slow wave to

compute the real and imaginary components of the effective

complex shear modulus at a given frequency—no need for

quantitative measurement of tissue strains or local stresses.

The impedance, which the sphere experiences, is an alternate

path that may reveal tissue properties under conditions in

which no useful slow wave can be propagated.

III. THE DISPLACEMENT FIELDS

Oestreicher presented his solution as the sum of a fast

wave and of a slow wave. Writing the sum in spherical coor-

dinates emphasizes the longitudinal (radial) and transverse

(polar) components of the total field. In spherical coordinates

with the direction of the axis of oscillation along the zero po-

lar angle, Oestreicher’s solution for the displacement field of

a sphere of radius a, translating harmonically with an ampli-

tude n0, becomes the sum of products of separate functions

of radial position r, polar angle h and time t,

~nðr; h; tÞ ¼ n0ejxtðnrðrÞ cos h~er þ nhðrÞ sin h~ehÞ; (1)

~er and~eh being the radial and polar unit vectors and

nr rð Þ ¼ a3

r3

e�jk r�að Þ 3þ 3jha� hað Þ2
� �
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� �
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CA; (2)

nh rð Þ ¼ a3
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CA: (3)

With the sphere oscillating along the h¼ 0 axis,

n/(r)¼ 0. Equation (1) satisfies the boundary conditions

with a longitudinal displacement of~n(a,0,t)¼ n0ejxt~er and a

transverse displacement of ~nða; p=2; tÞ ¼ �n0ejxt~eh. The

amplitude of the longitudinal component is proportional to

cos h and the transverse component to sin h.

nr and nh each have a fast-wave term with a propagation

constant k ¼ x=cf/, x being the angular frequency and cf/

the phase velocity of the fast wave, and a slow-wave term

with a complex propagation constant h ¼ x=cs ¼ b� ja,

where cs is the slow wave speed, b ¼ x=cs/, cs/ being the

phase velocity of the slow wave and a its absorption coeffi-

cient. If bulk viscosity is comparable in magnitude to shear

viscosity, its contribution is negligible at frequencies used in

elastography and we may consider the fast propagation con-

stant to be real. All of these components must add in such a

FIG. 2. (Color online) Absolute values of the radial (left) and tangential (right)

components of the particle displacement at the surface of a sphere oscillating

in translation. Solid curves are the net displacements whereas the fast wave

and slow wave contributions are dashed and dotted, respectively. The tangen-

tial component (dotted curve) is in the direction of the negative of the unit ~eh

vector. The normalized displacement vector at the boundary is unity and

directed along the axis of oscillation. a¼ 0.01 m, x¼ 1000 s�1, l1¼ 3 kPa,

l2¼ 3 Pa s, q¼ 1000 kg m�3. Choosing a¼ 1 cm permits quantitative illustra-

tions of general physical phenomena. Actual sources of interest may be much

smaller (e.g., radiation force) or much larger (e.g., phantom studies).
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way that they give the real displacement at the surface of the

sphere. If the phases of the solutions for the fast and slow

waves differ at the source, it may require that one or both of

the individual waves have amplitudes greater than the source

(Fig. 2). A particle cannot simultaneously have two ampli-

tudes and two phases, so the concept of a wave with ampli-

tude greater than the source is a mathematical artifice.

Of course, the solution can be written as the sum of a fast

and a slow wave as Oestreicher did. With a short pulse, fast

and slow components separate spatially as they move away

from the source and can be observed experimentally as in the

case of transient elastography (Catheline et al., 1999a;

Catheline et al., 1999b; Gennisson and Cloutier, 2006;

Gennisson et al., 2006; Oudry et al., 2009; Sandrin et al.,
1999; Sandrin et al., 2002). In that case, each of the pulses has

a longitudinal and a transverse component. However, both fast

and slow waves must coexist at the surface of the sphere, and

their amplitudes are determined by boundary conditions there.

Hence, the two waves are dependent even if they separate as

pulses after leaving the sphere. Either way we choose to view

the problem, there are waves traveling at fast (�1500 m s�1)

and slow (1–10 m s�1) speeds throughout the medium, each

with transverse as well as longitudinal components,.

The complete solutions [Eqs. (1)–(3)] have been used in

all of our illustrations. For purposes of discussion, however,

they can be simplified by noting that for conditions relevant

to elastography, ka< kr� 1 and, in many cases, hr> ha> 1.

We have used a¼ 1 cm for illustrations of the basic physical

processes found in elastography. Except for the displace-

ments at the surface of the sphere, precise numerical values

for the displacement are a complicated interaction of the

phases of fast and slow waves that in turn depend upon the

tissue parameters and the frequency of oscillation. In a very

general sense, increasing the size of the source sphere

increases the displacement at a given point in the surround-

ing medium. Numerical methods would probably be needed

for more precise predictions of the fields of practical sources

used in a clinical setting. In the simplest applications, how-

ever, we learn that tissue is essentially incompressible but

not rigid and that slow wavelengths are small compared to

the region of interest in many tissues. With that simplifica-

tion, Eqs. (2) and (3) become

nr rð Þ � � a

h2r3
3þ 3jha� hað Þ2� 3e�jh r�að Þ 1þ jhrð Þ
� �

;

(4)

nh rð Þ � � a

2h2r3

�
3þ 3jha� hað Þ2

� 3e�jh r�að Þð1þ jhr � hrð Þ2Þ
�
: (5)

This is the difficult playing field upon which elastogra-

phy is forced to work. The first three terms in the parentheses

in Eqs. (4) and (5) are from the fast wave and contain no use-

ful information. The fast and slow waves, however, are of

comparable magnitude and the presence of the fast wave can

be a source of error in measurements of the slow wave prop-

agation constant h, which contains the information that elas-

tography seeks.

In the absence of viscous losses, the fast wave will

attenuate as 1/r3 and the slow wave will fall as 1/r2 along the

axis of oscillation, while at h¼ p/2, under optimum condi-

tions, the lossless slow wave attenuates as 1/r. One could call

these lossless conditions the geometrical contributions to the

attenuation. Tissues are far from lossless, of course. Realistic

values of 3 kPa and 3 Pa s were used in Eq. (1) for the compu-

tation of the displacements presented in Figs. 3 and 4.

Several methods have been employed to measure cs/

(and hence the real part of h) that do not require a precise

knowledge of the amplitude of the wave. Transient elastog-

raphy follows the crest of the slow wave along the axis of os-

cillation (Fig. 3) after it has separated from the fast wave.

Echosens Fibroscan, the leading transient elastography sys-

tem, operates at 50 Hz (Catheline et al., 1999a; Catheline

et al., 1999b), while the frequency chosen for Fig. 3 is

�150 Hz. Note that with the diagnostically relevant tissue

properties chosen for Fig. 3, the fast wave dominates the dis-

placement even near the source. Pulsing is essential, there-

fore, to separate fast and slow waves when the longitudinal

wave is followed along the axis of oscillation.

The use of acoustic radiation force to generate displace-

ment fields is particularly attractive because the source can

be placed within the tissue itself and the displacement can be

monitored along the h ¼ p=2 axis, where the transverse

wave is maximum and the geometrical attenuation of the

slow wave goes as 1/r while the fast wave attenuates as 1/r3

FIG. 3. (Color online) Absolute value of the normalized displacements and

their phases along the axis of oscillation of the sphere. Total displacement

(solid curves), fast wave contribution (dashed), and slow wave contribution

(dotted). Values of the parameters used in Eq. (1) were chosen for their rele-

vance to elastography. a¼ 1 cm, x¼ 1000 s�1, q¼ 1000 kg m�3, l1¼ 3 kPa,

l2¼ 3 Pa s, j1¼ 2.2� 109 Pa, j2¼ 0, h¼ 0.
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(Fig. 4) (Sarvazyan et al., 1998; Dahl, 2013). Most commer-

cial devices at this writing use simple time of flight of the

transverse slow wave as a function of distance giving it the

group velocity, which is adequate for computation of clini-

cally useful tissue stiffnesses (Palmeri et al., 2008).

Several more sophisticated uses of radiation force sour-

ces are in the research and development stage. Chen et al.
(2004) used amplitude modulation of a comparatively long

radiation force pulse. Their results were limited to phase ve-

locity of the displacement wave but, in principle, it should

also be possible to determine the absorption. As noted above,

absorption and phase velocity at a single frequency are suffi-

cient to compute the effective VE shear modulus and shear

viscosity. In fact, this has been done in a few studies

(Catheline et al., 2004; Gennisson and Cloutier, 2006;

Gennisson et al., 2006; Schmitt et al., 2011; Urban and

Greenleaf, 2009). The measurement of absorption is chal-

lenging (Domire et al., 2009). Most investigators appear to

find it easier determine shear viscosity through measurement

of dispersion in velocity than to determine the absorption

coefficient in tissue-like materials. That requires assumption

that the viscosity is a simple, frequency-independent param-

eter. That may be a reasonable first order approximation. At

the present time, a general investigation of the frequency de-

pendence of the shear viscosity of tissues is lacking.

Urban, Chen and co-investigators (Urban et al., 2009;

Chen et al., 2009) used a burst of very short radiation force

pulses repeated at 100 Hz to generate a harmonic rich wave.

Then they measured the phases of the waves at each har-

monic at two different locations to determine the phase ve-

locity spectrum—an efficient way to measure dispersion in

phase velocity.

The figures, however, emphasize the difficulties faced in

determining the phase velocity in the presence of the fast

wave. MRE and sonoelastography experiments, for example,

are typically performed with sinusoidal steady state condi-

tions, so both fast and slow wave components would be

superimposed. In the transverse wave (Fig. 4), the slow

wave dominates and the fast wave may be ignored in phase

velocity measurements near the source. As discussed below,

it may be possible to extend phase velocity measurements by

computing the rotation.

As currently practiced, elastography more or less

ignores the fact that the response of tissue depends upon

both its real shear modulus and its shear viscosity. Each of

these parameters potentially has its own diagnostic informa-

tion. Unfortunately, research on that subject is so limited

that we can only speculate on the clinical value of shear vis-

cosity. Mayo Clinic investigators used a form of modulated,

ultrasound radiation force to measure dispersion in phase ve-

locity in the livers of 10 normal volunteers and 35 patients

that had been diagnosed with liver disease (Chen et al.,
2013). Taken as a whole, the data show a simply linear rela-

tionship between shear modulus and shear viscosity. The

details, however, raise interesting questions. Whereas nor-

mal subjects were tightly clustered in a range 1.5–3 kPa and

1–3 Pa s, three out of 15 patients in early stage fibrosis had

viscosities so high that they were classified as statistical out-

liers by the authors.

A qualitatively different study reports that slow waves

propagating along muscle fibers are almost dispersionless

while wave speed across the fibers are strong functions of

frequency (Deffieux et al., 2009), i.e., shear viscosity is

almost qualitatively different in the same tissue depending

upon the direction of propagation. Clearly, it would be

unwise at this stage of our knowledge to write off viscosity

as a possible diagnostic tool on its own. For that we need

more than data fitting. Our tissue models must have their

genesis in physical properties of the tissues.

Figure 5, using the same parameters chosen for Fig. 4,

demonstrates the opportunities for absorption measurements

with pulsed, transverse waves when the fast and slow com-

ponents have been allowed to separate. Even with a conserv-

ative 3 Pa s value for l2, there is an order of magnitude

decrease in the displacement within the distance of 1 cm.

The dotted curve in Fig. 5 is the displacement for the slow

transverse wave in a medium with an elastographically rele-

vant 3 Pa s viscosity. The dash-dot curve is the geometrical

1/r displacement to be expected in the absence of viscous

losses. As close as 3 cm from the source, the viscous absorp-

tion is two orders of magnitude greater than the geometrical

contribution to the attenuation. It appears, therefore, that the

viscosity can be measured at a single frequency with a preci-

sion limited only by the sensitivity of the displacement de-

tector. The fast wave (dashed curve) would compromise

absorption measurements in continuous wave fields. Similar

FIG. 4. (Color online) Absolute value of the normalized displacements and

their phases along a radial line at h¼p/2. Other values of the parameters

used in Eq. (1) are the same as those used in Fig. 3.
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measurements would be possible along the axis of oscilla-

tion. However, the geometrical attenuation of the slow wave

along that path goes as 1/r2 and is therefore potentially a

greater source of error in absorption measurements.

IV. SENSITIVITY OF PARTICLE DISPLACEMENT TO
TISSUE PARAMETERS

The amplitude of the displacement in the transverse

slow wave is a very strong function of the real shear modulus

under conditions relevant to elastography. Figure 6 gives a

specific example of the high sensitivity of the slow wave to

the shear modulus. In a more general sense, it demonstrates

the dominant role that the fast wave can have and the need

to consider that fact in practical elastography.

In principle, absorption measurements would be greatly

simplified if we were able to use plane transverse waves. In

that case, we would have neither “geometrical” attenuation

nor a fast wave to complicate interpretation of our observa-

tions. One might conjecture that increasing the size of the

source would minimize those factors. However, it turns out

that unrealistically large sources would be required to signif-

icantly reduce the complexity of elastographic displacement

fields. For example, the fast wave at h ¼ p=2 is not

significantly reduced until the radius of the sphere is on the

order of the fast wavelength. Thus, we must live with the

fact that realistic fields will always have complex combina-

tions of transverse and longitudinal, fast and slow waves.

One final note that could be useful in absorption mea-

surement techniques. Rotation, the anti-symmetric part of

the second order, vector displacement gradient, is deter-

mined entirely by the slow wave component of the displace-

ment. The fast (irrotational) wave contributes nothing to the

rotation. Thus, by computing the rotation from displacement

measurements, all effects of the fast wave are eliminated

even in continuous wave measurements. (Sinkus et al., 2005;

Doyley, 2012). Figure 7 shows the strong dependence of the

rotation on the viscous absorption. Rotations might poten-

tially be useful for the measurement of viscosities as high as

10 Pa s at frequencies on the order of 1000 rad s�1

(�150 Hz).

V. IMPEDANCE

Oestreicher defined the impedance of a translationally

oscillating sphere as the ratio of the force that the sphere

exerts on the medium surrounding it to its translational ve-

locity. His Eq. (18) gives the impedance

Z ¼ �jx
4

3
pa3q

1� j
3

ah
� 3

ahð Þ2

 !
� 2 j

1

ah
þ 1

ahð Þ2

 !
3� akð Þ2

1þ jak

 !

j
1

ah
þ 1

ahð Þ2

 !
akð Þ2

1þ jak
þ 2� akð Þ2

1þ jak

 ! : (6)

So defined, Oestreicher’s impedance tells us a great deal

about the medium. As illustrated in Fig. 8, the system, at low

frequencies, is quasi-static and the force required to displace

the sphere is balanced by elastic forces (the stiffness of the

medium). At high frequencies where mass dominates the

motion, the force required to move the sphere will depend

upon the density of the medium as well as the viscous prop-

erties of the tissue that it moves. For this discussion, we shall

FIG. 5. (Color online) Contributions to the displacement of the fast and

slow waves at h¼p/2. The dashed curve is the normalized, absolute value

of the fast wave. The dotted curve is for the slow wave with l2¼ 3 Pa s. The

dash-dot curve gives the slow wave contribution under the assumption that

l2¼ 0. All other parameters are as shown for Fig. 3.

FIG. 6. (Color online) Particle displacement as a function of real shear mod-

ulus. Shown are the fast (dashed) and slow (dotted) contributions to the net

transverse displacement (solid). h¼p/2, a¼ 1 cm, r¼ 3 cm, x¼ 1000 s�1,

l2¼ 3 Pa s.
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concentrate only on the sphere-medium interaction and

ignore the additional force needed to move the sphere.

However, in experimental studies using Oestreicher’s imped-

ance, it is necessary to take that omission into account (Chen

et al., 2002; Urban et al., 2011).

At frequencies used in elastography, the motion of a

sphere in tissue is controlled almost completely by the shear

modulus of the medium, i.e., tissue is effectively an incom-

pressible elastic solid (k � 0) and

Z � �jx
2

3
pa3q 1� j

9

ah
þ 3

ahð Þ2

 !
: (7)

With typical values for soft tissue parameters, Eqs. (6)

and (7) agree to within 2% up to �100 krad s�1. Beyond that

frequency, the bulk properties of the medium take over and

the impedance tells us little about the slow wave parameters.

Measuring amplitude and phase of the impedance at a

single frequency gives us the information we need to com-

pute the real shear modulus and the shear viscosity at that

frequency. It would be challenging to use these concepts in

the clinical setting. However, laboratory studies with excised

tissue should present few problems. In contrast with most

elastography techniques, the determination of tissue proper-

ties through measurements of this impedance requires the

absolute value of the driving force. Fortunately however, as

shown in Eq. (7), there is insignificant interference from the

presence of the fast wave—as there can be in continuous

wave elastography.

At high frequencies (x¼ 104 to 105 rad s�1) with a

modest viscosity, Eq. (6) reduces to

Z ! �jx
2

3
pa3q: (8)

Under those conditions, the mass of the medium sets an

upper limit to the motion. Its elastic properties are irrelevant.

At low frequencies, the shear modulus of the medium

controls the motion of the sphere, i.e.,

Z � �j
2pal1

x
: (9)

The intersection of Eqs. (10) and (11) gives the fre-

quency xt of transition between stiffness and mass control,

at which the normalized velocity reaches its maximum,

xt ¼
1

a

ffiffiffiffiffiffiffi
3l1

q

s
: (10)

The essence of Eqs. (6) and (7) is shown in Figs. 8–11.

The data are presented in terms of the velocity amplitude

(the absolute value of the velocity) of the sphere normalized

to the force that it exerts on the surrounding tissue and the

phase of the velocity relative to the source force. These are

likely to be the observables in experimental studies, although

there would be advantages to direct measurements of dis-

placement at very low frequencies. Figures 8 and 9 assume

negligible viscosity. Figures 10 and 11 show the effects of

viscosity on the admittance of the sphere. The large effects

of viscosities comparable in magnitude to those of tissues on

both the amplitude and the phase of the velocity of the

sphere bode well for the use of impedance in the measure-

ment of tissue viscoelastic properties. From our limited

FIG. 8. (Color online) Absolute value of the translational velocity _n of a

3 mm (radius) sphere driven by a force F. The solid curves are the predic-

tions of Eq. (6). The upper curve is for l1¼ 1 kPa and the lower curve for

l1¼ 10 kPa. The dotted line is the mass-dominated high frequency limit

[Eq. (8)] and the dashed lines are the corresponding stiffness-dominated,

low frequency limits [Eq. (9)]. Viscosity is assumed to be zero and the den-

sity of the medium is 1000 kg m�3.

FIG. 9. (Color online) Phase of the velocity relative to driving force.

Conditions are as listed in Fig. 8. /¼ arctan [Im( _n/F)/Re( _n/F)]. On the left,

l1¼ 1 kPa, on the right l1¼ 10 kPa.

FIG. 7. (Color online) Absolute value of the rotation. l2¼ 0 Pa s (solid),

l2¼ 1 Pa s (dashed), l2¼ 10 Pa s (dotted), a¼ 1 cm, x¼ 1000 s�1,

q¼ 1000 kg m�3, l1¼ 3 kPa, h¼p/2, and k¼ 0.
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knowledge of the frequency dependence of the viscosity

(Carstensen and Parker, 2014), we can be confident that

actual measurements of tissues will give results somewhat

different than the examples presented here. As with

Oestreicher, we have assumed in these examples that both

real shear modulus and the shear viscosity are simple con-

stants, independent of frequency. Impedance could give the

effective viscosity at the measurement frequency and thus

the frequency dependence of the tissue parameters.

In principle, when the viscosity is very large, the imped-

ance becomes Z! 6pal2, the impedance of sphere of radius

a in a viscous fluid. Viscosity dominance to that extent, how-

ever, requires viscosities an order of magnitude greater than

those thus far reported for tissue. Instead, Figs. 10 and 11

show the effects of viscosities that are more realistic for soft

tissue. It appears that the impedance experienced by the

sphere will provide information about tissue viscosity at

somewhat higher frequencies than would be possible with

slow wave propagation.

The impedance approach should have certain potential

advantages over wave propagation methods for studies of

the shear properties of tissues. At high frequencies, slow

waves simply do not propagate because of losses. Yet, as

shown in Figs. 10 and 11, the impedance method becomes

sensitive to viscosity in that region. At low frequencies, the

impedance is strongly dependent upon the real shear

modulus. But, at very low frequencies, the wavelengths of

slow waves in achievable tissue samples become so large

that wave motion is difficult to observe with precision. The

normalized, displacement amplitude of a small sphere in the

medium, however, is directly proportional to the real shear

modulus in the low frequency limit.

Linear hysteresis probably contributes to loss in tissues

and its diagnostic contributions may vary with pathology

(Carstensen and Parker, 2014). Defined as a frequency inde-

pendent loss per cycle or a frequency independent phase

between displacement and stress (Mason, 1950), linear hys-

teresis has been formalized as l¼l1þ jl3, where l3 is the

hysteresis modulus to distinguish it from shear viscosity,

which we have called l2. For any realistic tissue, we also

have viscosity, so the complex shear modulus would be

l ¼ l1 þ jðxl2 þ l3Þ; (11)

from which we can see that hysteresis, if present, will be

most strongly evident at low frequencies. As noted above,

that may rule out wave studies for the investigation of hys-

teresis. Quasistatic elastography suggests that muscle is hys-

teretic while gels are not (Greenleaf et al., 2003).

At low frequencies, losses in tissues are likely to be

small whether from viscosity or hysteresis. The small

absorptions and large wavelengths that make wave meas-

urements problematic at low frequencies can actually be an

advantage with impedance measurements. Although magni-

tudes of the impedance with the two mechanisms are apt to

be similar at very low frequencies, the phase of the dis-

placement of a small sphere relative to the driving force

gives us a tool to differentiate between viscosity and hyster-

esis (Fig. 12). Our knowledge of hysteresis in tissues is

extremely limited. However, if by hysteresis we mean

frequency-independent phase lag, phase can be determined

directly with elastographic technology—no need for abso-

lute measurements of displacement.

At very low frequencies, slow wavelengths are large,

i.e., the phase of the displacements relative to the driving

force will be relatively uniform over large regions of tissue.

This would permit phase determinations from measurements

of the phase of tissue displacement at significant distances

from the source. In this way, phase measurements similar to

FIG. 10. (Color online) The normalized, absolute value of the translational

velocity _n of a sphere showing the influence of viscosity. l2¼ 0 (solid),

l2¼ 1 Pa s (dashed), l2¼ 10 Pa s (dotted), l1¼ 3 kPa, a¼ 3 mm.

FIG. 11. (Color online) Phase of the velocity relative to driving force.

Conditions are as listed in Fig. 10. /¼ arctan [Im( _n/F)/Re( _n/F)].

FIG. 12. (Color online) Phase of 3 mm sphere relative to driving force. The

solid curve assumes a viscosity of 3 Pa s and zero hysteresis; the dashed

curve is for l3¼ 1 kPa and zero viscosity. l1¼ 1 kPa, a¼ 3 mm.
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those suggested by Fig. 12 could make it possible to deter-

mine hysteresis levels from very low frequency measure-

ments in vivo. In the same way that elastography makes

quantitative the information that has historically been

obtained by palpation of the liver, low frequency phase

measurements could quantitate the information that today is

observed qualitatively for edema by palpation.

Oestreicher’s impedance raises one final question

regarding the temporal characteristics of the pulses used in

radiation force elastography. In current clinical devices, the

ultrasound pulse that transfers part of its momentum to the

tissue has a typical duration on the order of 100 ls, i.e., the

frequencies in the driving force are on the order of 10 kHz

(60 000 rad s�1). Yet, the maximum of the transition fre-

quency (and maximum response) for typical soft tissues is

an order of magnitude smaller [Eq. (10)]. A specific exam-

ple is shown in Fig. 13. Instead of the diffuse prolate ellip-

soid that moves in radiation force elastography, the figure

uses an Oestreicher sphere with a radius of 1 mm in a me-

dium with a real shear modulus of 3 kPa and shear viscosity

of 3 Pa s. The transition frequency for this system is about

3000 rad s�1 (�500 Hz). Although Oestreicher’s solution is

for continuous waves, the behavior of the sphere with fre-

quency gives us a semi-quantitative clue to the system’s

pulse behavior.

Above the transition frequency xt, the particle velocity

decreases with the reciprocal of the frequency and the parti-

cle displacement falls off as the square of the frequency. The

energy for a given displacement thus increases as the square

of the frequency in that limit. Why not take advantage of the

greater efficiency that goes with longer pulses to modulate

the driving pulse and in this way obtain a clean dispersion

spectrum in the phase velocity? In fact, that has been accom-

plished with a variety of techniques discussed above (Chen

et al., 2004; Chen et al., 2009; Urban et al., 2010; Doherty

et al., 2013).

VI. SUMMARY

Through Oestreicher’s theory for a translationally oscil-

lating sphere in a viscoelastic medium we see that elastogra-

phy must deal with complex fields of longitudinal and

transverse displacements each of which has a slow wave and

a fast wave contribution. The slow wave has the information

sought in elastography. The fast wave has no uniquely useful

information but, in many cases, is large enough to cause

errors in measurements of the slow wave.

At present, clinical wave elastography is limited largely

to measurement of phase or group velocity. Because those

values are dominated by the real shear modulus of the tissue,

they give us a first order estimate of the tissue stiffness.

Tissue viscosities are large enough to produce dispersion.

Thus, techniques that use high frequency measurements

have higher phase velocities than those for lower frequen-

cies. Even so, quantitative elastography has now become an

accepted tool for monitoring liver fibrosis.

Viscosity is a qualitatively different physical parameter

than stiffness and there is reason to hope that stiffness and

viscosity will give us two independent sets of clinically use-

ful data. If we accept the VE model, we can compute the vis-

cosity from dispersion in the measured phase velocity. Using

that approach is a qualitative step forward. There is reason,

however, to believe that tissue is not a simple VE visco-

elastic medium (Carstensen and Parker, 2014; Parker, 2014).

This means that both real shear modulus and the real shear

viscosity are themselves functions of frequency and we can

obtain that information through measurements of both the

phase velocity and absorption coefficient at each frequency.

Current measurement techniques can measure phase ve-

locity with reasonable precision. Absorption, however,

remains a challenge. Exploring Oestreicher’s theory has

revealed several promising and complementary routes to

measurement of the absorption coefficient: (1) pulse techni-

ques that separate fast and slow waves, (2) computation of

the rotation in the displacement field, and (3) impedance

techniques.

Not only are the effective real shear moduli and shear

viscosities frequency dependent, but in practice their values

are functions of strain, i.e., they are nonlinear. Oestreicher

assumed tissues to be linear media and all of the discussion

in this review is based on that postulate as well. In fact, that

may be a reasonable assumption the way that quantitative

elastography is practiced today (Liu and Bilston, 2000).

However, there is probably no clearer demonstration of the

limitations of that assumption than the near universal use of

intercostal portals for quantitative measurement of liver stiff-

ness. The static shear strain in caused by a transducer placed

on the abdomen appears to alter the small signal (linear)

measurement of stiffness and results in interoperator vari-

ability. It underlines the fact that liver stiffness is a nonlinear

function of shear strain. A number of investigators have

been studying nonlinear aspects of shear wave propagation

at low frequencies (Catheline et al., 2003; Jacob et al., 2007;

Zabolotskaya et al., 2007; Wochner et al., 2008).

The frequency dependent real shear modulus and the

frequency dependent shear viscosity each may have their

own diagnostic uses particularly if the physical mechanisms

responsible for each are elucidated. The same can be said for

how each of these parameters is a function of static shear

strain. Combined, these data promise to be an extremely

powerful diagnostic tool. As technology progresses, elastog-

raphy may become the “gold standard” to which other tests

are referred.

FIG. 13. (Color online) Amplitude of oscillation of a 3 mm sphere per unit

force exerted on the medium. a¼ 1 mm, l1¼ 3 kPa, l2¼ 3 Pa s.
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