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Abstract
Medical ultrasound imaging scanners typically display the envelope of the 
reflected signal on a log scale. The properties of this image and speckle patterns 
from collections of scatterers have a number of well-known disadvantages. 
One is the inability to differentiate between different scatterers that may 
have fundamentally different frequency-dependent scattering cross sections. 
This study proposes a framework for characterizing scattering behavior and 
visualizing the results as color coding of the B-scan image. The methodology 
matches a model of pulse-echo formation from typical situations to the 
mathematics of Gaussian weighted Hermite functions. The results show an 
ability to reveal some of the information otherwise hidden in the conventional 
envelope display, and can be generalized to more conventional bandlimited 
pulse functions. This new class of images is termed H-scan where ‘H’ stands 
for ‘Hermite’ or ‘hue’ to distinguish it from conventional B-scan format.

Keywords: ultrasound, imaging, tissue characterization, scattering,  
Hermite functions

(Some figures may appear in colour only in the online journal)

1.  Introduction

B-Scan images are based on specular reflections and scattering from changes in acoustic 
impedance within different tissues (Prince and Links 2006, Cobbold 2007). A long-standing 
question in biomedical ultrasound concerns the frequency dependence of scatterers within 
different tissues, organs, and the blood. These tissue characterization techniques for scatter-
ing include measurements of the frequency dependence and angular dependence of backscat-
tered waves. An excellent overview of these approaches to characterize scattering is found in 
chapter 9 of Szabo (2004). Many of the statistical techniques require a sufficient ensemble 
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average over which to calculate the expected value of measured quantity. Given the statistics 
of speckle (Burckhardt 1978, Lizzi et al 1997a), this can limit the resolution or accuracy of 
statistical approaches. Accordingly, we seek an alternative where the received echoes can be 
identified or associated with major classes of signals from tissues. These are linked to the 
mathematics of Gaussian weighted Hermite polynomials so that the overall identification task 
can be simplified.

2. Theory

Under a number of reasonable assumptions, it is possible to model the pulse-echo A-line for-
mation as a convolution of an incident pulse with a sequence of reflections (Macovski 1983, 
Cobbold 2007). Assuming sufficiently weak attenuation, backscatter, and focusing, the inte-
gration can be reduced to a convolution model (Macovski 1983) such that the received echo 
( )e t  is approximated by
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where A is an amplitude constant, ( )p t  is the propagating pulse in the axial direction, ( )s x y,  is 
the beam width in the transverse and elevational axes (and thus the beam pattern is assumed 
to be a separable function, and ( )R x y z, ,  is the 3D pattern of reflectors or scatterers. The speed 
of the sound is c, and with a round trip for the echo the axial distance z is replaced by /ct 2 in 
the 3D convolution represented by the symbol ∗∗∗.

In simplified 1D derivations with an assumption of small spatial variations in the acoustic 
impedance ρ=Z c, the function R can be shown to be related to the spatial derivative of Z in 
the direction z of propagation of the imaging pulse (Macovski 1983):
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This relationship implies that specific structures yield characteristic reflections. A small incre-
mental step function in acoustic impedance, along the direction of the propagating pulse, 
yields an impulse function for ( )R z . The returning echo is then simply ( )⋅R p t . However, a thin 
layer of material with increased impedance yields a positive impulse at the front surface and 
a negative impulse at the back surface. In the limit this approaches the doublet function, ( )δ′ t , 
the derivative of the Dirac delta function. In this case, the returned echo is proportional to the 
derivative of ( )p t  with respect to time. This implies a frequency content weighted by ω since a 
property of Fourier Transforms is (Bracewell 1986)

{ }( ) → ( )I ω ω
p t

t
j P

d

d
,� (3)

where {}I  is the Fourier transform operation and ( )ωP  is the Fourier transform of ( )p t .
Finally, in more general scattering theory, the Born approximation for a small (subwave-

length) spherical scatterer has a leading term for scattered pressure that is proportional to 
ω2 (Morse and Ingard 1987). Furthermore, a cloud of small, weak scatterers, incoherently 
spaced, similarly has a scattered pressure dependence with a leading term proportional to ω2 
(Morse and Ingard 1987). Larger scatterers and random collections of scatterers with spatial 
correlation functions will have more complicated scattering versus frequency formulas (Waag 
et al 1982, Campbell and Waag 1983, 1984, Waag 1984, Lerner and Waag 1988, Mottley and 
Miller 1988, 1990).
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However, the ω2 frequency weighting is an important analytical endpoint because by Fourier 
transform theorems, an ω2 weighting corresponds to the second derivative of a function:

( ) → ( )ω ωI
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p t

t
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d

d

2

2
2� (4)

To recap, within some degree of approximation, the echo or reflection from an incremental 
step function of impedance produces an echo proportional to ( )p t . A thin layer of incremen-
tally higher impedance produces an echo proportional to /p td d . A cloud of small weak scatter-
ers produces an echo proportional to /p td d2 2. Given this, we seek to identify echoes by their 
relationship to the transmitted pulse and its derivatives. A family of functions related to the 
Hermite polynomials is one convenient way to do this.

2.1.  Gaussian weighted Hermite polynomials

The successive differentiation of the Gaussian pulse ( )−te 2  generates the nth order Hermite 
polynomial (see table  1) (Poularikas 2010). The Hermite polynomials are defined by the 
formula

= −
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When multiplied by an envelope = −G e t2
, these become the Gaussian weighted Hermite 

polynomials.
Note that these Gaussian weighted Hermite polynomials do not possess orthogonal-

ity properties unlike the longer duration Hermite functions (Abramowitz and Stegun 
1964, Poularikas 2010). They do have a useful relation with respect to time derivative: 

⋅ = − ⋅ +H t H tG G
t n n

d

d 1( ( )) ( ).
Also, the GH t4( ) function resembles a typical broadband pulse. If a transducer element has 

a one-way transfer function of
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then it can be easily shown that the two-way (transmit-receive) impulse response is:
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Table 1.  Gaussian weighted Hermite polynomials.

Order, n Energy

n GHn E
0 ( )G1 /π 2
1 ( )t G2 /π 2
2 ( )−t G4 22 /π3 2
3 ( )−t t G8 123 /π15 2
4 ( )− +t t G16 48 124 2 /π105 2
5 ( )− +t t t G32 160 1205 3 /π945 2

Notation: ( )= −tG e 2 . Energy /∫ π= = × × ×…× − ×
−∞

∞
H t nG d 1 3 5 2 1 2n

2 2 .
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Assuming a pulse-echo system has a round trip impulse response of ( )A H tG0 4 , then from 
the logic of equations (2)–(4) we expect that a reflection ( )R z  from a step function of acoustic 
impedance will be represented by a delta function ( )δR t0  and thus a corresponding received 
echo proportional to ( )H tG 4 . In other words, equation (2) becomes, in simplest 1D form:

( ) ( ( )) ( ) ( )δ= ∗ =t A H t R t RA H te G G1 0 4 0 0 4� (8)

However, a thin layer of higher impedance would approximate a discrete doublet or derivative 
( )δ′ t  as a reflector and return an echo proportional to ( )H tG 5  because of the derivative nature 

of the Hermite polynomials:

δ= ∗ = −′t A H t R t R A H te G G .2 0 4 2 2 0 5( ) ( ( )) ( ) ( )� (9)

Finally, a small scatterer or incoherent cloud of small scatterers would exhibit a second deriva-
tive behavior and return an echo proportional to ( )H tG 6 . The relationships are summarized in 
table 2.

In this framework, the identification task is simply to classify echoes by similarity to either 
( )H tG 4 , or ( )H tG 5 , or ( )H tG 6 . A natural classification test employing the concept of matched 

filters (Lathi 1983) in parallel or maximum likelihood filters (Proakis 2001) would suggest a 
convolution of the received signal with scaled versions of ( )H tG 4 , or ( )H tG 5 , ( )H tG 6  to form 
three post-processed signals. One could simply select the maximum value at each point in 
time or display the relative strength as colors.

The disadvantages of this are twofold. First, each convolution results in some loss of reso-
lution, and secondly, the cross-correlation terms between ( )H tG 4  and ( )H tG 5 , and similarly 
for ( )H tG 6  and ( )H tG 5  are substantial due to the significant overlap of spectra. Thus, a simpler 
approach uses the classic envelope as intensity (or ‘G’ in RGB) with two parallel convolution 
filters applied to gauge the relative strength of the echoes with respect to ( )H tG 4  and ( )H tG 6 . 
In practice, discrimination can be improved by using more emphasis on the extremes of the 
spectra, for example ( )H tG 2  and ( )H tG 8 , each normalized by En . A simplified flow chart is 
shown in figure 1.

Table 2.  Match of signals and structures assuming a ( )H tG 4  transmit.

Tissue structure
Reflection class 

( )R t
Frequency 
weighting

Hermite 
function class

Flat interface 
(specular)

( )δ t  (Dirac delta) 1 ( )H tG 4

Thin layer ( )δ t

t

d

d
ωj ( )H tG 5

Small scatterers ( )δ t

t

d

d

2

2
ω2 ( )H tG 6

Figure 1.  Schematic for parallel processing and display of received echoes e(t). 
Convolution with a lower frequency and lower order GWHF is assigned red, and higher 
frequency/higher order GWHF assigned blue. The envelope is used for green and 
retains the highest original axial resolution.

Phys. Med. Biol. 61 (2016) L20



L24

Alternatively, the ratios of the /H H2 8 convolution outputs can be taken and used as weights 
for the ‘R’ and ‘B’ channels. We have chosen the lower frequency (H2) for R and the higher 
frequency ( )H8  for B in accordance with optical scattering.

3.  Results

To demonstrate the potential of this approach to identify properties that are otherwise hidden 
in the conventional B-scan, a FIELD II simulation (Jensen 1996) of three scatterers are shown 

Figure 2.  Simulated 5 MHz scan of three scatterers, modeling a discrete singlet, 
doublet, and triplet. (a) Conventional 50 dB B-scan image of the envelope demonstrates 
three scatterers with only a subtle difference in transverse width. (b) Color coding from 
Hermite convolution reveals the intrinsic frequency weighting of the different scatterers.

Figure 3.  Five MHz scan of small versus large scatterers in a gelatin phantom.  
(a) Black and white, conventional B-scan. (b) Color scatterer identification via Hermite 
function analysis, the H-scan format.
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Figure 4.  Five Mhz liver scan. (a) Conventional B-scan demonstrates classic speckle 
pattern within the liver parenchyma. (b) Hermite convolution reveals no dominant 
low or high frequency weighting within the liver, resulting in a green envelope as the 
majority signal type, with some weighting to lower frequency (orange) at maximum 
depths.

Figure 5.  Five MHz transverse carotid scan, with thyroid gland to left of the carotid. (a) 
Conventional B-scan. (b) Hermite convolution indicates mixed blue and white patterns 
within the thyroid, with a smaller amount of orange.
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in figure 2. Conventional imaging parameters are used including a 5 MHz center frequency 
linear array transducer with Gaussian apodization on transmit and receive and a 50 MHz sam-
pling rate. However, a ( )H tG 4  round trip impulse response was implemented, scaled to a peak 
frequency of 5 MHz. The three scatterers were located at the transmit focus depth of 65 mm 
with a 7 mm lateral spacing. Importantly, the left scatterer is a conventional single impulse, 
the center scatterer a discrete doublet (axially), and the right scatterer a discrete triplet. Thus 
the scatterers approximately produce reflections that correspond to the pulse, the derivative of 
the pulse, and the second derivative of the pulse with respect to time. The resulting conven-
tional B-scan image with gray scale 50 dB envelope detection is given in figure 2(a) (left) and 
the three scatterers appear similar with small variation in transverse width. In comparison, 
figure 2(b) (right, color) demonstrates the ‘blue’ nature of the right scatterer and the ‘orange’ 
nature of the left scatterer, consistent with their respective properties and frequency weighting 
according to the derivative operator and equations (2)–(4).

In the following examples, conventional B-scans are obtained using a Verasonics scanner 
with a 5 MHz ATL linear array transducer (Verasonics, Inc., Kirkland, WA, USA). Although 
conventional systems do not attempt to transmit a ( )H tG 4  function, the transmitted pulse is 
sufficiently similar. So an approximate analysis can be performed using the H2 and H8 cor-
relation functions and then assignment of colors as described above. In the following exam-
ples, the first image shows the conventional appearance of the B-scan using standard 50 dB 
dynamic range on the echo envelope. The color images demonstrate convolutions with HG 2 
and HG 8 outputs and their ratios, assigned to red and blue channels, respectively.

In order to test the analysis on random spherical scatterers, 10% gelatin phantoms were 
constructed with 1% by weight suspension of soft clear polyethylene microspheres (CoSpheric 
LLC, Santa Barbara, CA, USA). On the left side of the phantom in figures 3(a) and (b) are 
smaller 25 µm scatterers, (range 10–63 µm), and on the right side are larger 530 µm scatterers 
(range 500–600 µm). The conventional B-scan illustrates some difference in echogenicity on 
the left versus right sides of the phantom. In addition, the convolution with Hermite functions 
uncovers the key difference, as seen by the more dominant blue color on the left (small scat-
terers), and a more dominant orange/pink on the right (large scatterers).

A liver image from a healthy adult imaged under the requirements of informed consent 
and the University of Rochester Institutional Review Board is shown in figure 4. In the color 
identification scheme, the abdominal tissue layers are close to saturation (white), albeit with 
regions of orange and then blue. The liver parenchyma is largely green, indicating no strong 
weighting from small or large reflectors (wavelength at 5 MHz is roughly 300 µm). There is a 
subtle increase in orange near the deepest part of the image, possibly indicating the downshift 
of the propagating spectrum due to strong frequency-dependent attenuation.

Finally, a transverse carotid image is shown in figure 5. The echogenic arterial wall has 
both orange and blue regions within the speckle patterns. The thyroid gland, located to the 
left of the carotid, has a predominance of blue and white patterns, alternating with fewer but 
non-negligible orange regions. This may be related to the complicated glandular structure of 
the thyroid.

4.  Discussion

Some limitations of the framework are evident. The analysis begins with simplified models 
of pulse echo formation and reflections. This does not capture the intricate behavior of scat-
tering from correlated random variations in density and compressibility as were demonstrated 
by k-space analysis and measurements of (Campbell and Waag 1983, 1984) or by rigorous 
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quantitative backscatter techniques (Mottley and Miller 1988, 1990, Insana et al 1990, Feleppa 
et al 1997, Lizzi et al 1997b, Oelze et al 2002, Lavarello et al 2011, 2013). In comparison, 
the Hermite analysis is more simplified but has high spatial resolution. In terms of processing 
artifacts, two effects should be noted. As the received echo strength approaches saturation, 
the display reverts to white. Some additional normalization and comparison steps could be 
added to mitigate this nearer to the limits, but amplifier and display limits will always be 
present. Another effect seen in simulations is a composite of color combinations in the pres-
ence of a pure ‘white noise’ scattering field. Presumably due to the random spatial distribu-
tion and amplitude distribution of idealized point scatterers, some local arrangements appear 
as singlets, or doublets, or triplets, and other combinations. These yield different frequency 
responses and matching of Hermite functions. Analogous effects could exist in tissue and so 
interpretation of color mosaics may be complicated. Further research is required to delineate 
these effects and to determine the sensitivity of the approach to more subtle changes in reflec-
tion and scattering distributions.

5.  Conclusion

Within a simplified framework, we have matched a convolution model of pulse reflections to 
the mathematics of Gaussian weighted Hermite functions. By interpreting and displaying the 
echoes according to their similarities to expected orders of the Hermite functions, we enable 
the recognition of an added dimension as each region of the echoes are characterized by their 
low (red), medium (green), or high (blue) frequency content as determined by the impedance 
function present in tissue along the direction of the propagating pulse.
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